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ABSTRACT
The two-dimensional vehicle routing problem (2L-VRP) is a realistic extension of the classical vehicle
routing problem where customers’ demands are composed by sets of non-stackable items. Examples of such
problems can be found in many real-life applications, e.g. furniture or industrial machinery transportation.
Often, these real-life instances have to deal with uncertainty in many aspects of the problem, such as
variable traveling times due to traffic conditions or customers availability. We present a hybrid simheuristic
algorithm that combines biased-randomized routing and packing heuristics within a multi-start framework.
Monte Carlo simulation is used to deal with uncertainty at different stages of the search process. With the
goal of minimizing total expected cost, we use this methodology to solve a set of stochastic instances of
the 2L-VRP with unrestricted oriented loading. Our results show that accounting for systems variability
during the algorithm search yields more robust solutions with lower expected costs.
1

INTRODUCTION

The vehicle routing problem (VRP) is a well-known combinatorial optimization problem in which a fleet
of vehicles has to service a set of customers at the lowest possible cost (Toth and Vigo 2014, Golden et al.
2008). The most basic variant of the VRP is the capacitated vehicle routing problem (CVRP), where an
homogeneous fleet of vehicles with restricted capacity, based at a central depot, needs to satisfy customers’
demands by visiting them only once. Additional restrictions, such as distance or time-based constraints, are
often considered in richer variants of the problem. The CVRP and richer versions have been extensively
studied due to their challenging NP-Hard nature and their potential applicability on real-life transportation
activities (Caceres-Cruz et al. 2014, Lahyani et al. 2015).
In this work, we consider a realistic variant of the CVRP that combines vehicle routing and loading
(packing) constraints, known as two-dimensional VRP (2L-VRP) (Iori et al. 2007). In this variant, customers’
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demands consists of a set of rectangular items that cannot be stacked, e.g., due to their weight or fragility.
Our work was originally motivated by operations at Opein, a medium-sized company that hires industrial
equipment to its customers, mostly in the construction field. Opein has to periodically deliver and pick up
a variety of industrial machinery (e.g., aerial-work platforms, energy-generation sets, dumpers, forklifts, or
professional cleaning equipment). Similar issues are also present in other transportation activities, where
large-sized items are required to be picked up or delivered, e.g., furniture or appliances. These items must
be efficiently accommodated in the truck to ensure high vehicle’s utilization. This packing process may
also critically affect routing decisions. Hence, one needs to consider not only the items weight, but also
their dimensions. In the 2L-VRP, items are normally considered to be of rectangular shape and they cannot
be piled up or overlap on the truck’s loading surface.
One of the main reported issues in real operations is the significant variability on the time required
to perform all the assigned activities. Although routes may be planned carefully, traveling time between
customers depends on traffic and access conditions to the site, causing the actual time to vary substantially
with respect to the original estimate. Likewise, customers’ availability may also delay the start of the
service. These deviations from the original plan translate into an increase of operational costs. Often,
drivers need to be paid overtime due to an excess of driving hours beyond the duration of their shift.
Furthermore, the company may incur into additional costs related to extending their operations time, e.g.,
paperwork needs to be finished after the completion of all routes.
In this paper, we present a hybrid simheuristic (Juan et al. 2015) for minimizing expected costs in
the 2L-VRP with stochastic traveling times. We use a multi-start framework, where we embed biasedrandomized versions of classical routing and packing heuristics. Biased randomization of heuristics refers to
the use of skewed probability distributions to induce an oriented (biased) random behavior of the heuristic,
transforming a deterministic method into a probabilistic algorithm (Juan et al. 2013), (Juan et al. 2014).
In our approach, we use a biased-randomized version of the classical Clarke and Wright savings heuristic
for the CVRP (Clarke and Wright 1964), enhanced with memory-based techniques (Juan et al. 2010).
To compute packing plans, we use a biased-randomized version of the Best-Fit heuristic (Burke et al.
2004). We integrate Monte Carlo (MC) simulation at two stages of the search process in order to assess
the performance of the obtained solutions. More details are provided in Section 2. Our results prove that
accounting for system’s variability during the algorithm search yields not only to solutions with lower
expected costs, but also to more robust or resilient solutions, i.e., solutions showing a lower variability than
the ones obtained for the deterministic version of the problem (whenever they are applied in the stochastic
environment). Additionally, our simheuristic approach could easily be adapted so, instead of searching for
the solution with the minimum expected cost, it searches for the solution that maximizes the probability
of not exceeding a specific cost threshold.
To the best of our knowledge, this is the first time in the literature that the 2L-VRP has been tackled
considering the time-variability associated with real-life operations. The deterministic version of the 2L-VRP
was originally introduced by Iori et al. (2007). The authors proposed an exact branch-and-cut algorithm to
solve the routing aspects, and a branch-and-bound algorithm combined with heuristics and effective lower
bounds to deal with the packing requirements. From the different loading configurations, the authors only
tackle the sequential oriented case. In this variant, items cannot be rotated (oriented) and should be loaded
in reverse order to the visited customers (sequential). Other variants of the 2L-VRP consider items rotation
(non-oriented) and items rearrangement within the vehicle (unrestricted). The different combinations of
these constraints provide four 2L-VRP variants. So far, only Fuellerer et al. (2009) have solved all four
problem variants. In fact, only Fuellerer et al. (2009), Dominguez et al. (2014), and Zachariadis et al.
(2016) have addressed the non-oriented loading configurations. The oriented versions of the problem have
received far more attention in the literature (Gendreau et al. 2008; Leung et al. 2011; Duhamel et al.
2011; Zachariadis et al. 2013; Wei et al. 2015). Finally, some extensions of the 2L-VRP have also been
proposed, considering oriented and non-oriented loading (Dominguez et al. 2014, Dominguez et al. 2015,
Dominguez et al. 2016, Dominguez et al. 2016). In this work, we address the unrestricted oriented version
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of the problem, although the methodology proposed here can be extended to tackle other variants and
extensions of the 2L-VRP.
2

METHODOLOGY

We propose a multi-start simheuristic that combines biased-randomized versions of classical routing and
packing heuristics for solving the introduced stochastic variant of the 2L-VRP. Biased randomization is
included at different stages in our method. As mentioned, the principle biased randomization builds upon
consists of using skewed probability distributions to transform deterministic methods into probabilistic
ones, while preserving the logic behind the original method (Faulin et al. 2008). In our approach, we
apply biased-randomized techniques on the routing and packing heuristics. For the routing component, we
use a modified version of the well-known Clarke and Wright (1964) heuristic. As for solving the packing,
we use a biased-randomized version of the Best-Fit heuristic (Burke et al. 2004). In addition, we include
MC simulation at two stages of our algorithm to deal with the stochastic nature of the problem. Figure 1
presents an overview of our algorithm.
START

Compute dummy solution

Biased randomization
savings list

Extract next edge from
savings list

Y
Feasible capacity?

Biased-randomized
Best-Fit heuristic

N
Y
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Merge routes
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Figure 1: Diagram of the proposed multi-start simheuristic for the stochastic 2L-VRP.
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We start our method by generating an initial dummy solution as described in the savings heuristic by
Clarke and Wright (1964). This initial solution consists of a return trip from the depot to each customer,
using as many vehicles as the number of customers in the problem. Next, we compute the savings associated
with each edge, i.e., the cost reduction of including an edge connecting two customers in one route instead
of visiting them in two separate routes. These savings are then sorted in descending order. At this point, we
initiate a multi-start process. At each iteration, we rearrange the elements in the savings list by applying a
biased-randomized process, so edges associated with higher savings are more likely to be ranked at the top
of the list. In our case, a geometric probability distribution, driven by a single parameter α (0 < α < 1), is
used to induce this skewed behavior. This process allows edges to be selected in a different order at each
iteration of the multi-start process, while still preserving the behavior of the original heuristic. Then, the
algorithm performs a route-merging process until the savings list is empty. At each iteration, the edge at
the top of the list is selected. This edge connects two routes, which will be merged if: (i) there is enough
weight capacity in the vehicle to carry all items from both routes; and (ii) they can be conveniently loaded
without overlapping.
In order to evaluate packing feasibility, we use a multi-start biased-randomized version of the Best-Fit
heuristic (Burke et al. 2004). The Best-Fit heuristic is a constructive and deterministic procedure that
selects the next item (rectangle) to pack in the vehicle based on the bottom-left criterion, i.e.: among the
available items, it always chooses the one that offers the ‘best fit’ when positioned at the bottom-left-most
free position. We transform it into a biased-randomized by assigning probabilities to the different items,
so that the better the fit the higher its probability of being chosen. Again, we use a geometric distribution
to skew the selection, controlled by a single parameter β (0 < β < 1). The multi-start process allows us to
run the biased-randomized heuristic several times (maxPackIter parameter), thus increasing our chances
of finding a feasible packing solution. We combine it with the use of a fast-access memory-based method
(cache) to speed up the process. We check if the algorithm has already computed a feasible packing solution
for the same configuration and, if so, routes are merged. Whenever the Best Fit heuristic finds a feasible
solution, the packing cache memory is updated. In both cases, the packing process is stopped and the
routing-construction resumes.
Note that, while other approaches propose a two-stage method –one for solving the packing problem
and another for solving the routing component–, our approach integrates the packing problem as part of
the routing-construction method. This way, we can guarantee the feasibility of all routes, as we explicitly
take into account the loading constraints during the construction phase.
Eventually, we obtain a complete feasible solution. We then combine the use of memory-based and
splitting techniques to further improve the solution (Juan et al. 2010). As in the packing case, we store
previously computed routes and packing plans for a given set of customers in a fast-access cache memory.
In this case, we keep in memory the best solution found so far for a specific set of customers to be visited.
If the obtained solution contains the same set with a higher cost, the route stored in the cache memory
is retrieved and the solution is updated. Otherwise, we add (or update) the route to the cache memory
for subsequent iterations. The splitting technique constitutes a local search process similar to the large
neighborhood search metaheuristic (Pisinger and Røpke 2010). This strategy first splits the solution into
different disjoints (and feasible) parts according to geometric criteria, defining smaller 2L-VRP instances,
and applies an iterative (maxSplitIter) routing-construction process similar to the one described. When all
local solutions for each part are obtained, they are merged into an enhanced global solution. If this final
solution improves the current best solution, the latter is updated with the new results.
As mentioned in Section 1, companies like Opein often have to deal with additional costs due to
overtime and associated expenses. This problem is generally aggravated by unforeseen deviations from
the original plan, e.g., due to longer traveling or servicing times. In order to account for these further
expenses, we have included two additional terms in the cost function used to evaluate solutions. Given
a set of nodes I and a set of routes R = {r1 , r2 , . . . , rm } visiting all customers, such as r ⊆ I, ∀r ∈ R,
and r1 ∩ r2 ∩ . . . ∩ rm = 0,
/ we define the cost of a route as tr = ∑i, j∈r ti j , where ti j represents the traveling
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time from customer i to customer j. Hence, the objective function of the classical 2L-VRP consists of
minimizing the total traveling cost, i.e. ∑r∈R tr . In our case, we account for the excess traveling and service
time above a certain threshold τ (e.g., 8 hours in application cases) and associated costs by defining the
objective function as

, if tr ≤ τ, ∀r ∈ R
∑r∈R tr
f (x) =
∑r∈R tr + ρ ∑r∈R (tr − τ) + γ , otherwise,
where ρ is the penalty for overtime and γ is related to the associated fix costs.
So far, the computed solution responds to the deterministic 2L-VRP. In order to deal with the stochastic
nature of the proposed problem, we include two simulation processes in our algorithm. In the first case, we
run a short MC simulation accounting for traveling time variability whenever the best deterministic solution
is improved. If results are able to improve the best stochastic solution found so far, the latter is updated.
This way, we keep track of the most robust solution as the algorithm evolves. As the number of generated
solutions can be large and the simulation process is time-consuming, we limit the number of iterations to
be executed (maxShortIter). Once the algorithm is finished, we run a longer MC simulation (masLongIter)
to better assess the best deterministic and stochastic solutions before reporting the final results. In both
processes, we model the traveling time between any two customers i and j with a log-normal probability
distribution, with a mean equivalent to the deterministic value (µ = ti j ) and a standard deviation σ = kµ.
As discussed in Juan et al. (2011), the log-normal distribution is quite convenient to model positive random
variables such as customers’ demands or traveling times.
Notice that an important advantage of our approach is its relative simplicity. Our method uses few
parameters, significantly reducing its sensitivity to particular problem characteristics, providing a robust
method able to perform efficiently across different instances. The values of the parameters were established
after a quick tuning process in which different combinations of values were tested for a random sample
of instances. After this process, the ‘routing’ biased-randomization parameter, α, was set to 0.3; the
‘packing’ biased-randomization parameter, β , was set to a random number in the interval (0.06, 0.23);
the maxPackIter and maxSplitIter parameters were set to be proportional to problems characteristics,
i.e., number of customers and number of items; and, finally, simulation parameters maxShortIter and
maxLongIter were set to 2,000 and 50,000, respectively.
3

COMPUTATIONAL EXPERIMENTS

We implemented the proposed algorithm using the Java programming language. All experiments were run
in a standard PC with an Intel Core i5 processor at 3.4 GHz and 4 GB RAM. The algorithm was executed
on the Eclipse platform for Java over Windows 7.
The classical 2L-VRP benchmark set is composed by 180 instances proposed by Iori, Salazar, and
Vigo (2007) and Gendreau et al. (2008), divided in 5 classes with 36 instances each. We extended these
benchmark instances to the stochastic case in order to assess our methodology. As mentioned in Section 2,
we selected a log-normal distribution to model traveling times between each pair of customers. With this
extension, we can account for the significant variability in traveling and servicing times present in real
systems. For our experiments, we defined the parameters of the log-normal distribution according to the
values of each deterministic instance; i.e., the distribution mean µ is equal to the deterministic distance
between customers ti j , and the standard deviation σ is proportional to such distance, σ = kµ = kti j . We
used k = 3 in all the experiments included in this work.
Table 1 presents results for some instances of the extended stochastic 2L-VRP problem set. These
figures correspond to the best results of 4 independent executions of our algorithm for each instance, using
parameter values as described in Section 2. For each instance, we present the deterministic cost for the
best deterministic and stochastic solutions, as well as the corresponding gap. Likewise, we include in the
last three columns the stochastic value of the best deterministic and stochastic solutions, together with their
gap.
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Table 1: Results for a subset of stochastic 2L-VRP instances.
Instance
Name
Class
E036-11h5
5
E041-14h1
1
E041-14h3
3
E076-10e1
1
E101-10c5
5
E101-14s1
1
Average

#
16
17
17
23
26
27

Deterministic 2L-VRP
Det. Sol. Stoc. Sol. Gap (%)
1295.01
1368.02
5.64
1342.95
1342.95
0.00
1338.36
1343.48
0.38
1890.54
2010.81
6.36
2722.98
2731.46
0.31
2291.24
2424.63
5.82
3.09

Stochastic 2L-VRP
Det. Sol. Stoc. Sol. Gap (%)
1696.42
1586.21
-6.50
1884.46
1884.46
0.00
1858.05
1855.77
-0.12
2490.33
2441.41
-1.96
3347.91
3341.66
-0.19
3163.21
3104.73
-1.85
-1.77

We observe that integrating simulation in the search process is clearly able to improve solutions’
robustness. As expected, considering the stochastic nature of some variables during search yields worse
deterministic solutions (an average gap of 3.09% with respect the deterministic approach). However, these
same solutions show a better performance when variability is considered, with an average gap of -1.77%
with respect to the best deterministic solutions applied in stochastic instances. These results confirm that
not accounting for variability during the search process may have a significant impact on the quality of
the final solution. For instance, the direct application of deterministic solutions may provide lower costs
in ideal situations, but will cause higher additional expenses in a real-life scenario. On the other hand,
our approach is able to obtain more resilient solutions, which still may be able to perform reasonable well
(3.09% deviation) under ideal conditions. Moreover, this behavior is consistent across instances of different
classes, as observed in Figure 2.

0
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−2

Gap (%)

2

4

6

Gap (%) Stochastic vs. Deterministic Solutions

●

Deterministic 2L−VRP

Stochastic 2L−VRP

Figure 2: Gap (%) distribution between the best stochastic and best deterministic solution, in equivalent
deterministic and stochastic instances of the 2L-VRP.
4

CONCLUSIONS

The present paper presents a hybrid simheuristic for solving stochastic variants of the two-dimensional
VRP (2L-VRP). This problem can be found in many real-life applications, like the one that motivated this
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work. In many cases, companies have to deal with uncertainty in some aspects of the problem, such as
variable traveling and servicing times. Being the 2L-VRP a relatively new VRP variant in the literature,
some of its extensions have not yet received attention from the research community. To the best of our
knowledge, this is the first work addressing the stochastic version of the problem.
We propose a hybrid approach combining biased-randomized versions of classical routing and packing
heuristics within a multi-start framework. Both heuristics are integrated in the routing-construction method,
ensuring packing feasibility for all routes during the construction process, contrary to more traditional
two-stage approaches. In order to deal with the stochastic nature of the problem, we embed Monte Carlo
simulation at two stages of the search. This allows us to account for uncertainty in traveling and servicing
times during search, aiming at providing more resilient solutions to scenarios with high variability. Our
approach is enhanced by fast-access memory-based and splitting-based local search techniques, which help
to improve solutions’ quality and reduce computational times.
To test our methodology, we have generated stochastic instances of the 2L-VRP by modifying the
ones contained in the classical benchmark sets, modeling traveling times as a log-normal probabilistic
distribution. As we have proved, our methodology is able to find more resilient solutions, while still not
far from the best found solution for ideal deterministic scenarios. Furthermore, our approach is able to
perform consistently across adapted instances of the 2L-VRP.
Additional research is warranted in this stochastic version of the problem. Among the different research
lines, the extension of our methodology to other 2L-VRP subvariants (e.g., sequential loading and/or items
rotation) is to be studied in the near future. Indeed, the use of other metaheuristic frameworks and their
integration with simulation techniques is especially promising. Finally, it is also of particular interest the
study of further generalizations of the problem with direct applications in real-life, such as those including
heterogeneous fleets or backhauling.
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